ﬁl‘ Journal of Global Optimization 21: 67-87, 2001. 67
i~ © 2001 Kluwer Academic Publishers. Printed in the Netherlands.

A Cutting Plane Approach to Solving Quadratic

Infinite Programs on Measure Spaces
In memory of my father Chiang-hsiang Wu

S.Y. WU
Department of Mathematics, National Cheng Kung University, Tainan 701, Taiwan (e-mail:
soonyi @mail.ncku.edu.tw)

(Received 12 January 2000; accepted in revised form 20 March 2001)

Abstract. We study infinite dimensional quadratic programming (Q P) problems of integral type.
The decision variable is taken in the space of bounded regular Borel measures on compact Haus-
dorff spaces. An implicit cutting plane algorithm is developed to obtain an optimal solution of the
infinite dimensional Q P problem. The major computational tasks in using the implicit cutting plane
approach to solve infinite dimensional Q P problems lie in finding a global optimizer of a non-linear
and non-convex program. We present an explicit scheme to relax this requirement and to get rid of the
unnecessary constraints in each iteration in order to reduce the size of the computatioinal programs.
A general convergence proof of this approach is also given.
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1. Introduction

Let X and Y be compact metric spaces. We denote by C(X) and M (X) the spaces
of continuous real valued functions on X and the set of all regular Borel measures
on X, respectively. Let M*(X) be the subset of M (X) which consists nonnegative
Borel measures on X. A function f on X x X is said to be positive semi-definite if

/ / f(s,t)du(s)du() >0 forall u e M(X).
xJx

Now we consider the following continuous quadratic programming problem. Let
¢ (s, y) be a real-valued continuous function on X x Y, g(y) be a real-valued
continuous function on Y, h(s) be a real-valued continuous function on X, and
f (s, t) be a positive semi—definite symmetric real-valued continuous function on
X x X. Then the continuous quadratic program is as follows:



68 S.Y. WU

CcQP
Minimize 1/ f (s, )du(s)du(t) —1—/ h(s)du(s)
2 Jx Jx be
Subject to f ¢ (s, y)du(s) > g(y) foreachyiny, 1)
X
we M (X).

This is an infinite dimensional quadratic programming of integral type. The general
capacity problem has been studied by [1, 5, 9, 11, 12, 15, 16 and 17]. The recogni-
tion of the general capacity problem as an infinite dimensional linear programming
problem, and its study as such, was first made by Yamasaki [17] and Ohtsuka [11].
It is by instinct to consider the quadratic form of the general capacity problem.
Thus we study the continuous quadratic program in this paper. The dual problem
of CQP has the following form:
DCQP

. 1
Maximize (—E)fX/Xf(s,t)du(S)du(t)+fyg(y)dV(y)

Subject to fd)(s, V)dv(y) —f [, )du(t) < h(s) foreach s in X,
Y X
veMYY), ueMX). (2)
We denote by V(C Q P) and V(DC Q P) the optimal values for CQP and DCQP,

respectively. Let M; and M, be the feasible sets for problem C QP and its dual
problem DC Q P, respectively. The author [15] proved the following theorems.

THEOREM 1.1. Let u = uo bean optimal solution to problem C Q P and assume
that (i) thereisaw € M+ (X) such thatf ¢ (s, y)du(s) — g(y) > 0for each y in

Y,or (ii) f(s,t) > 0foreachs,r € X >}<(X and i(s) > 0 for each s € X. Then
an optimal solution (g, vo) existsto problem DC Q P, and there is no duality gap
between CQP and DCQP.

Condition C. We say that f (s, r) satisfies condition C if for every u € M(X)
and every sequence {u} such that s, —> s, we have

//f(s, t)dﬂa(s)dﬂa(t)_)fff(s,t)dﬂ(s)dﬂ(t)’
XJX XJX

where - denotes weak* convergence.
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Condition C'.  We say that f (s, t) satisfies condition C’ if for every u € M(X)
and every net {i,} (@ € A) such that 1, % w, we have

//f(S,t)dMa(S)dMa(l)%//f(S,l)d,u(S)dM(t)-
x Jx x Jx

THEOREM 1.2. Let f(s, ) satisfy condition C’. Assume that there isa vy €
M™(Y) and a positive real number ¢ such that

/ ¢ (s, y)dvo(y) + ¢ < 0 for eachs inX. 3
Y

If the feasible set M, # ¢, then the C Q P has an optimal solution.

Proof. Letu € M;. By assumption (3), we have

//qﬁ(s, y)dVo(y)du(s)Jr/ cdu(s) < 0. 4)
XJY X
Since u is a feasible solution of C Q P, we have
/ (s, y)du(s) = g(y),
X
which implies
[ [ ¢ i) > [ g )
YJX Y
From (4) and (5), we get
—cp(X) >fg(y)dvo(y)
Y
and so
1
n(X) < —[—/g(y)dvo(y)].
¢ Y
Hence M, is bounded in the norm of M(X) = C(X)*. Evidently, M, is weak*

closed, that is, closed in o (M (X), C (X)) topology. By applying the Banach-Alaoglu
theorem, we have that M; is weak* compact. Let

F(M)=/ / 1, t)dM(S)dM(t)+/h(S)dM(S) forany € M(X). (6)
XJX X

Since (by C’) F is a continuous function on the weak* compact set M, it attains
its minimum at a point in M. O
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From Theorem 1.2, we know under some conditions there exists an optimal
solution for C Q P. In Section 2 we generalize the cutting plane method to develop
an implicit algorithm for solving C Q P. The major computational tasks in using the
implicit algorithm to solve C QP lie in finding a global optimizer of a non-linear
and non-convex function. In Section 3, we intend to construct an explicit algorithm
to relax this requirement and to get rid of the unnecessary constraints in each
iteratin in order to reduce the size of the computational programs. A convergence
proof of this approach is given.

2. Animplicit algorithm for CQP

In this section we generalize the cutting plane method for solving C Q P. Before
describing the method, we first introduce the following semi-infinite quadratic
programming problem (QSI Py), which is a ‘discretized’ version of CQP. Let

Ty = {s1,..., s}

(QS1Pr)
1 k k k
Minimize > Z Z F iy spuiuj + Zh(s,-)u,-
j=1i=1 i=1
k
Subjectto Y "¢ (s;, y)u; > g(y) foreachyiny, )
i=1

u; 2 0.
We have the following dual program for the (QSI Py,).
(DQOSIPr).

k k

. 1
Maximize (—5);§f(si,sj)uiuj +/1Vg(y)dv(y)
k
Subject to / d(sj, y)dv(y) < Zf(si,sj)ui +h(s;) forj=1,2,... k
Y i=1
8)
wherev e MT(Y), u; eR@GE=1,...,k).

We assume that (Q SI Py, ) is solvable with an optimal value denoted by V (QS1I Py, ),
and (DQSI Pr,) is also solvable with an optimal value denoted by V(D QSI Py,)
and V(QSIPp) = V(DQSI Pr,). Some basic concept and methods for solving
(QS1Pr,)and (DQSI Py) can be found in [2, 4, 7, 13 and 14].

Then the method works according to the following scheme.
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Algorithm 1:

Sep 1. Setk = 1, choose any s; € X, and set 71 = {s1}.

Sep 2. Solve (QSIP;) with an optimal solution u* = (uf,...,u}), and

(D QS1 Pg,) with an optimal solution (u*, v%).
Sep 3. Find a maximizer si1 of ¢« ,«(s) over X where

k
OE fY ¢ (s, AV () = D fsi, $)uf — h(s). 9)
i=1

Sep 4. 1 e o (si11) < 0, then stop. In this case, (u*, v*) is optimal for (DC Q P).
Otherwise, set Ty,1 = T U {s¢41}, increment k < k + 1, and go to Step 2.

Let
u* = {uk, ..., ul} be the optimal solution for (QS1I Pr).
We define a discrete measure u* on X by letting

k -
kin _Ju; =0 ifs=s €Ty,
K (s)_{ 0 ifseX|T.

In this way, 1 (s) > 0, for each s € X. If u* and (u*, v*) are optimal solutions

for (QSIPy) and (DQSIPr), then u*, v* satisfy the following Kuhn-Tucker
conditions.

k
/ [Z G (sis ui — g(y)} dv'(y) =0 (10)
Ylizt

k k
> [/ B (sj, AV (y) = Y s, sp)uf — h(s,»} uf =0 (11)
j=1 LY i=1

k
> ¢(si.y)uf —g(y) >0  foreach yinY (12)

i=1
k
/d)(sj,y)dvk(y) =Y flispuf —h(s) <0 Vji=12... .k (13)
Y i=1
THEOREM 2.1. If there exists a M € R such that u*(X) + v*(¥Y) < M and
f (s, t) satisfies condition C, then V(D QSI Py ) — V(DCQP).

Proof: Since V(DQSIPr) > V(DQSIPr,) > --- > V(DCQP) = d, three
cases are conceivable, namely:
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Case A. The process stops after a finite number of iterations.
Case B. lim V(DQSIPy,) =d + n, where n > 0.
r—00

Case C. lim V(DQSIPr) =d.

When Case A or C occurs then we obtain an optimal value for (DC Q P). Now
we want to show that Case B is not possible. Since ||u*|| + |[v¥|| < M for each
k, the sequence {u*} c X, a weak* compact subset in M (X) and the sequence
(v} ¢ X', aweak* compact subset in M (Y). Since C(X) and C(Y) are separable,
there exists a subsequence {u’*} of {1*} and a subsequence {v*} of {v¥} such that
{u'*} is weak* convergent to sume u*, and v’* is weak* convergent to some v*.
Then we have u* € M (X) and v* € MT(Y). Since f (s, t) satisfies the condition
C, we have

1
—5/ f f(s,t)du*(S)du*(t)+/g(y)dv*(y) =d+n.
XJX Y

Therefore (1*, v*) does not belong to the feasible set of (DC Q P). Since if (u*, v*)
belongs to the feasible set of (DC Q P), then

1
—5/ f f(s,t)d,u*(S)M*(t)+/g(y)du*(y) =d+n<d.
XJX Y

We get a contradiction. Let

MR C)) :fyd)(s,y)dV*(y)—/Xf(t,S)dM*(t)—h(S), (14)

and
5 be an element in X that maximizes ¢« ,«(s).
From the definition of (u*, v*), we have
G (si) <0, i=12,... (15)

Let {(1”, v/')} be a subsequence of {(x", v*1)} such that s, 1 tends towards a limit
point s*. Because of the choice of s, ;.1 in the algorithm we find, for each i

¢u./i vl (s) < ¢u./i vl (sj,-+l)-

Letting i — oo, we have ¢, ,«(5) < ¢« +(s¥). But by (15) we have ¢, ,+ (s*) <
0. This contradicts the assumption that ¢,-,+«(s) > 0 and hence case B is not
possible. And hence the result is proved. a
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3. An explicit algorithm for CQ P

In the above algorithm, we add one constraint at a time and the computational
bottleneck falls either in solving the quadratic semi-infinite program (QS1 Pz, ) or
in finding a global maximizer s;1 Of @, .« (s).

To reduce the computational efforts in solving each (QS1I Pz, ), we propose an
explicit algorithm which allows to drop some redundant points in 7. Note that
finding a maximizer si1 of ¢, ,«(s) in Step 3 usually causes a lot of computa-
tional problems. Here our new explicit algorithm explores a new idea whereby the
subproblem (QSI Py, ) is constructed by only choosing a point s, , at which the
infinite constraints are violated, i.e., ¢, ,«(s;,,) > 0, rather than the point s;;1
where the violation is maximized, i.e. ¢, ,«(s) is maximized. This idea can be
easily incorporated into the existing cutting plane algorithm and potentially reduces
the computational burden. In the following, we want to derive an algorithm for
C QP by iterative processes.

For the purpose of easy description of the proposed approach, we assume that
(QS1Pr)and (DQSI Pr,) are solvable, and V(QSI Py,) = V(DQSI Pr,).

Algorithm 2:

Step 0. Let § > 0 be a sufficiently small number (up to machine accuracy, smaller
than 1077).

Step 1. Set k < 1, choose any x; € X, and set Ty = {xi} such that the problem
(QS1 Pr,) has an optimal solution {u}} where u; > 0. Solve (D QSI Pr,) with
an optimal solution (u7, v;). Define ¢,1,,2 according to (9).

Step 2. Find x; € X such that ¢,1 ,+(x3) > 3. If x; does not exist, stop and output
(ui, v}) as a solution. Otherwise, set T;,1 = T U {x3}, go to Step 6.

Step 3. Solve (QSIPy) with an optimal solution u* = (u}, ... u) ), and
(D QS1 Pr,) with an optimal solution (¥, v*).

Step 4. Define a discrete measure . on X by letting

k : k-1
ko Ju; 0 ifs=x""¢€T,
“(s)_{o if s € X| Ty
Let Ex = {s € Ty, uf(s) > 0} = {x’l‘,xlzc,... ,x,];k}.

Step 5. Find any x,, ., € X such that ¢« .« (x}, ;) > 8. If such x}, ., does not

exist, stop and output (u*, v¥) as the solution. Otherwise, set Tj1 = E; U

{'xlljlk—i-l}'
Step 6. Update £k < k + 1 and go to Step 3.

From the above algorithm, we have

k

k
{ug, ... U o+

1} 1s an optimal solution for (QS1 Pr,).
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Remember
Ev={s €T, nrs) >0} = {x]f,xlz‘, .. ,x],;k}.
Let v* be a discrete measure concentrated at y{, y5, ..., yy -

Since V(QS1Pr,) = V(DQSI Pyp,), we have

i=1

> [Z POk, YN = D flk bt - h(ﬁ)} uh k) =0
i=1

j=1
and

{Z G (xf, Yt (xf) — g(yjn} VE(yh) =0. (16)

j=1 Li=1

We define H; to be an n; x m; matrix with rth row being

(DL, YD), G, ¥ d (e YD) r=12,

Since v*(y§) > 0for j = 1,2,... . ny, from (16), we have
Hu, = g", 17)
where u, = (' (xp), ..., n*(x),)) and g° = (g(3p), ... . g(v})). Let ¢ i« be

as in (9), i.e., gur i(s) = /d)(s,y)dvk(y) — f f@, s)du*(t) — h(s). For the
primal problem, we define ! ¥

¢ (y) = / ¢ (s, y)du*(s) — g(y). (18)
X
Note that Euk (y) =2 0VyeY,and we have the following result:

THEOREM 3.1. Let if, u**1, v* and v**! be generated in the kth step of the
algorithm given as above and A* = %1 — u*. Then

V(DQSIPr,,) — V(DQSIPr)
mp Ng+1

= Z (j)uk+1’vk+l (xf‘),uk (xlk) - Zau,k (y§+l)vk+l (yf""l)

i=1 j=1

_1 / / fs, dA*(s) d A (1) (19)
2 XJX

Proof: By the definition of ¢« (y), we have
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"k+1

= Z (Z ¢()Cl s yf-i—l)'u (xk) g(yk+l)> Uk+1(y§+l)

j=1

=) ) pGf, TR G ATY = Y T eGR4
j=1i=1 j=1

— Z Z¢(xl , yk+l)vk+1(yk+l) w (xk) . Zg(yk+l)vk+1(yk+l)
i=1 \ j=1 j=1

=) (¢#k+1,vk+1<x§‘> + ) O bt + h(x,h) pt (xf)
i=1 j=1
_ nkii g(yk+l)vk+l(yk+1)

= Zdw e (P + ) Y FORT xR ()
i=1 i=1 j=1
+ Zh(x k) — Zg(y"“)vk“ o5, (20)

It is obvious that
>3 retahit it = [ [ rendet oo,
i=1 j=1

Now A% = p*1 — ¥, Thus
/ / f (s, 0)dp*(s)dpk )
/ | Fenat st o+ / | Fena st @
/ | et eanto+ / | se.nantedito
/ | Dt odit o - / | renawante
/ | et oo+ / | s vt o)
+ /X [ it oo - ; /X | renawanto.
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Since f is a symmetric function, we have
| [ renant oo = [ [ resdatoddo
XJX XJX

=//f(s,t)dAk(t)duk(s).
XJX

Therefore
1 / / f(s,t)dAk(s)de(z)—1 / / f (s, dp T (s)d Ak (o)
2 XJX 2 XJX
T 1/ / Fs, DA — 15y (s)d Ak )
2 XJX
2 [ o nastoast
S — f(s,HdA*(s)d A (1).
2 XJX
It follows that

my 1
@0) = 3 gy en bt + 5 / / F 5. Ddpt $)dpk (1)
i—1 XJX

+1 / f f(s,t)du"“(s)cmk“(t)—1 / / F (s, HdA*(s)d A* (1)
2 Jx Jx 2 Jx Jx

mg Nk+1
+ ) hOHRE D =Y (O
i=1 j=1
mp
= e () () + V(QSI Pp) — V(DQSI Pry,.))
i=1

1
1 / f (s, DdA (5)d A (1),
2 XJX
Thus

V(DQSIPy,,) —V(DQSI Pr)

my N+1
= Z ¢Mk+1’uk+l (x;(),bbk (xlk) - Z ¢M‘ (y§+1)vk+l (yf—i_l)
i=1 j=1

1
__/ff(s,t)dAk(s)dAk(t)-
2 XJX

O

Since uu* (xf) > 0fori =1,...,m, V(A > 0for j = 1,... neys, and
f is a positive semi-definite function, from (19) we know that V(D QSI Pr,,,) <
V(DQSIPy) if and only if 3i e {1,2,...,my} such that ¢ e e (xf) # O
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ord;j e {1,2,... m1) such that ¢« (yi™

theorem.

) # 0. Thus we have the following

THEOREM 3.2. Let if, u**1, v, and v¥*! be generated in the kth and k + 1 th
steps of the algorithm given as above. Then

V(QSIPr,.,) < V(QSIPr)ifand only if ¢, 1 i1 OF ¢, Satisfies one of the
following conditions:

() 3i €{1,2,...,my} suchthat ¢, e er1(xF) # 0.
(i) 3j €{1,2,... , ngy1} suchthat ¢« (i) # 0.

In general, since (u*,v) and (1, V") are different, ¢, i OF @

the satisfaction of condition (i) or (ii) in Theorem 3.2 is not a problem.
If V(DQSIPy,,) < V(DQSIPy), thenwemust have x), ., € Egya. Ifx), o ¢

Eii1, then 1 (x* ) = 0 and **! has nonzero measure only at these pointsin

mp+1
E*. Thus we have V(DQSIPy,,) = V(DQSIPTk) which contradicte to
V(DQSIPr,,,) < V(DQSIPy). Nowwelet xf, ;= x5 .

Let X = [a,b] and Y = [c,d]. From now on, Iet h € C*(a,b)), g €
C*®([c,d]), ¢ € C*([a, b] x [c,d]),and f € C*°([a, b] X [a, b]). Let M* > 0 be
a sufficient large such that |¢|, | f1, |g|, and || are bounded by M*. Let §* > 0 be
small enough. Consider a function ¢ € C*([a, b]) with ¢(r) < 0. Wewill assume
that ¢ satisfies the following regularity assumptions (RA):

(i) c(t) =0onlyat #, € [c,d], k=1,...,m, and V k there e><istsan ix such
that the jth derivative ¢ (1) = 0, j = 0,1, ..., i — 1, but ¢ (1) # 0,
ik < M*.

(i) (a) For each k, if 1 € Ny (1) the 8*—neighborhood of #, then ¢*'(r) has
the same sign as ¢ (), and M* > | (1)| > §*.

(b) If ¢ is a local maximum or minimum of ¢ in [a, b] and ¢(r) # 0, then
c(t) < 8%,

The following lemma was proved by Lai and Wu [9].

LEMMA 3.3. Letc € C*([a, b]) with c(¢) < 0 satisfy the condition (RA). Sup-
pose that, for ¢ € [a, b], |c(t)] < e for a sufficient small ¢ > 0. Then there exists
anfe{l,2, ... ,m}suchthat |r —#,| < r(g) withr(¢) — 0 whenever ¢ — 0.

We define B* to be a matrix having row vectors

3/ 3/ _
(W¢(x]{,yf),w¢(x’2‘,yf),... —¢>(xm,y,>) 0<j<1
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and
k
B 2
'k
Bnk

Since ¢« (y) € C™([c,d]) and ¢« (y*) = 0 forr = 1,..., ny, we have B*u, =
(@) whereu, = (u*(xp), ..., uf(x, ) and g = (g(31). &' O, . g(h). & k)
For ' and v¥ in the kth step of algorithm given in Theorem 2.1, we assume that

w* and v* satisfy the following conditions (A):

(Al) V(DQSIPr,,) < V(DQSIPp);

(A2) [l + I < M7

(A3) Vi) =sforj=1,... . n,

(A4) There exists a K such that Yk > K we have a square submatrix A* of B*
having rank m; such that |Det(A%)| > &, and a square submatrix D* of (H;)”
having rank n, such that |Det(D*)| > §;

(A5) 3N such that Vk > N we have x;, belongs to one of Nj,_, (x/ ™),

i=1,2,...,my_1, Where ,_1 — 0ask — oo.

Since Tyyy = EX U {x), ., and x), = x5t e E*, we have x[** € E* for
i=1,2,..., m,1—1 Without loss of genernality, we may assume that x* ™ = x*
fori =1,2,...,mu.1 — 1. From (A4) and (A5), we can choose k > N’ large

mi+1—1
enough such that x}™ ¢ [ ] Ny (). Thus x}™, belongs to one of Ny, (xf)
i=1
i = myyq, ... ,my. Likewise, we may assume that
xfnﬁl € Ny, (x,];Hl). (21)

Therefore, we immediately have m; > my. .
Under the assumptions (A), we next prove that the above algorithm stops in a
finite number of iterations.

THEOREM 3.4. Givenany § > 0, in each iteration, assume that:

(a) the measures 1 and v* satisfy the conditions (A1) to (A5), and ¢, (y)
satisfies the (RA) condition;
(b) ¢uk+1vk+1(s) < =4 ifs Tk+1 — Ek+1 — {xk

M1 }

Then the algorithm stops in a finite number of iterations.
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Proof. Suppose that the algorithm does not stop in a finite number of iterations.
From (a) we have

V(DQSIPp) > V(DQSIPr,) > V(DQSIPp,) > --- > V(DCQP) (22)

Thus lim V(DQSIPr,) =« > V(DCQP). We claim that « > V(DCQP) is
r—0Q
impossible.

Since || ||+ [V} < M* for each k, the sequence {u*} C K, a weak* compact
subset in M(X), and the sequence {v*} c X', a weak* compact subset in M(Y)
Since C(X) and C(Y) are separable, there exist subsequences {u'*} of {u*} and
{v¥} of {vk } such that w'* is weak* convergent to some p*, v'* is weak* convergent
to some v*, and {x* i, + 41) converges to some point x, as k — oo. Then we have
w* e M+(X) and v* € MT(Y).

Now let

bpux.v+(5) =/ch(s,y)dv*(y)—/Xf(t,s)du*(t)—h(s). (23)

Then ¢ i ik (x,’;ﬁik 1) CONVerges to ¢+, (x). SiNCe ¢ ,ix ix (x,",ﬁ'ikﬂ) > ¢ for each k,
we have ¢« ,«(x,) > 8.

Now let ¢ in (0, 8) be arbitrary. We can find a large integer N € {i,},_, such
that

\V(DQSIPr,) —al < ”and|@,n v (g 1) — b (x,)] < &% (24)
From Theorem 3.1 and (22), we have

|V(DQSIPTN+1) — V(DOSI Pr,)|

nN+1
=| Z%M GO N = D (YN (N
i=1 j=1
1
— —/ / f(s,dAN (s)dAN ()| < €. (25)
2 XJX
Since ¢, v+ wir(xY) < 0fori = 1,...,my and ¢#N(yN+1) > 0 for j =
1,...,ny41, each term in (25) is nonpositive, and is > —e2. We can get
N+1 g2 .
|¢ N(y )|<Wy§\l+l) for j =1,... ,ny41.
Since VNt (y¥*) > 8 for j =1,2,... , nysq, We have

|¢ (yN+1)| <¢ for j=1,... ,ny41.
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Thus, from assumption (a) and Lemma 3.3, we can choose ¢ so small and find
rj(e) such that yY** e N0 (), and yrh, y¥*H for i # j are respectively in

the disjoint neighborhoods Ny, ) (), Ny (1)
From (25), we have that if N > N and my > my,1, then

‘¢MN+1")N+1(X1-N)/JLN(XI~N)‘ <¢? fori =my1+1,...,my.
From (b), we have

|¢MN+1")N+1(X1-IV)| >4 fori=my1+1,...,my,
thus

N,._N .
urx) <e fori=my1+1,...,my. (26)

Now we assume that N > N. Since |y *+!

i _y}{,Y|<ri(8)fori=1,2,...,l’l1\/+l'
xMt =xNfori =1,2,... ,my1—1, 2N e N, (xN  ),and ¢ € C([a, b]x

my+1 My+1
[c,d]), thusas N — oo, we have

PO YT — oY,y — 0

) )

S0 0y = e, 3 = 0 27

y dy /
fOI’i:1,2,...,mN+1,j:1,2,...,nN+1.

From the definition of ¢ ,v+1(y) in (18), we have

my+1

DM NN ) = g for j =12, nna (28)
i=1

and

my+1

d , .
>, 5¢(x,”+1, YN ) = ¢/ for j =12, nyga. (29)
i=1

Let Wy be a matrix with row vectors

(GO YV, e YV, et N ),

j=1,2,...,f’lN+1

and Wy be a matrix with row vectors

d d d
(5¢(x{"+1, yf’+l), 5¢(xév+1’ y§v+1), o $¢(x’]’¥;+l1’ y§V+1)) ,

j:1,2,...,nN+]_.
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Therefore we can express (28) and (29) as

Wy gN+1
_ = 30
<WN> (£N+1) (ngH) ( )

where
ZN.*.]_ — ( N+1(xN+l) MN+1(XN+1), e MN+1(x,/]Z;_&1))
gvir = (g™, gh), and gyyy = (&01 ... g D).
From the definition of $MN (y) in (18), we have
my+1
Do)y o) + Z ¢,y () = g(y)
i=1 i=myi1+1
for j=1,... ,ny11, (31)
and
MN+1 9 my
D oG et e+ Y —¢(x, o () =g o)
; y : : dy
i=1 i=my41+1
for j=1,... ,ny41. (32)
From (26), we have
my+1
Z SO N ) = ) + £5(0), (33)
where gj(e) — 0ase — Ofor j =1,2,... ,ny41, and
my+1
Z ¢(x, N =8N + € @), (34)
where e}(e) — 0ase —»0forj=1,2,... ,ny41.

Let Gy be a matrix with row vectors
(@O v @ ¥ @iy V) T =12, g,
and G y be a matrix with row vectors
apya >—¢(N M. —¢( M)
8y X1 ,yrj X5 ,yr] mN+laer

j:1,2,...,nN+]_.
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Therefore, we can express (33) and (34) as

Gv\ . (3n
(&= (2).

where
wy = (W) 1 O )
> N N
Zv = (O +e@) .o gy )+ enyu(©),

and

B = (80 Fer@) g0 )+, ().

W
has rank m ., and

. Wy . Gy
Since { — | has rank my.1, from (27) and assumption (a), we see that rel
N
|V — 1N )| < e, fori=1,...,mys1, (36)
where g;(¢) - 0fori = 1,2, ... my,1 Whenever ¢ — 0.

From (16), we have

Do oG ol =) ral Dt o) + ha),
j=1 j=1

i:].,...,mN+1 (37)

and

nN+1

IS P Ve SV
j=1

Mmy+1
= 3 FENL NG RN, i=L oy (39)
j=1

From (37), it follows that

nN+1 AN —RN+1

2o Yo+ Y ey

j=1 k=1

my
=D FeN N e +he), =12 mysa. (39)
j=1
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Let Oy be a matrix with row vectors

X Yy xl,yr2 =14 ...,MNy1,
(G 3 oy by D). i=12

L yr’1N+1
and Q, be a matrix with row vectors
N N .
(O Gy oGy ) i =12 my,

Then we can express (39) as

(On @ OWy) = (y),
where
vy = (YO On Do oD N On )

and

my

= (Zf(xjv,x{VmN(x;% +heM),

Zf(x T DN ) R )

Let Ry be a matrix with row vectors

(CTE AR T N TE AR T NN JE A o) 2

i :1,2,... s MN41.-

Then we can express (38) as

RNQ/N+1 = e;v+1
where

Uy = (MO, M OND)
and

my+1

/N+1 — Z f(x;y+1 N+1)MN+1(XN+1) +h(xN+1), o

my+1

Z f(xN+1 N+l N+1(xN+l) _|_h(xN+l)

mN+1 My+1
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Thus

(Ry : EN) (21\(];1) = E/N+1.

Combining (27), the assumption (a) and the fact that (Qy : Q) has rank ny,
and also taking into account of x* e Ny, (xY ), (26) and (36), we see that

my+1 my+1

(Ry i Oy) hasrank ny and

WY () = NN <8 (e), fori=1,... s,
|vN(y,1iV)| <egi(e), fori=1,... ,ny—ny,
where
éi (¢) > 0and &(¢) > 0, as N — oo. (40)
Since ¢,,v+1 w41 (xy ) = 0, from (26), (36) and (40), we have
Gun o (xpit) — 0 as N — oo. (41)

But

D o8 o ) = un v () = By (x0) # 0 @8 N — oo
Therefore (41) cannot hold, and we have a contradiction. Therefore our claim is
valid and the proof is now completed. a

Note that (A2) is commonly assumed in infinite linear programming to simplify
proofs. It can be relaxed by using bounded level sets. (Al) is also a technical
condition commonly used in linear programming. Moreover, when § > 0 is chosen
to be sufficiently small, (A3), (A4), (A5), and (b) in Theorem 3.4 in general can be
satisfied without much difficulty. The violation of any of these four assumptions
will lead to some rare instances of degeneracy or inconsistency.

Theorem 3.4 assures that the proposed scheme terminates in finitely many it-
erations, say k* iterations, with an optimal solution (x*", v*"). Recall that X" is a
discrete measure concentrated at the points x{ , x5 ..., xk ,and v*" is adiscrete
measure concentrated at the points y; , y5 ... ys . In this case (u*", v*) is,
of course, feasible for (DQSIPy.), and from Theorem 3.5, it can be viewed
that (1X, V%) is an approximate solution of (DCQP), if § is chosen small. It
is important to know how ‘good’ such an approximate solution is. The following
theorem concerns this issue.



CUTTING PLANE APPROACH TO SOLVING QUADRATIC INFINITE PROGRAMS 85

THEOREM 3.5. For any given § > 0, if thereexists it € M(X) andv € M*(Y)

. — . k* Uk*(yk*) . _
withv(y; ) > ————fori =1,2,... ,n=, and v(B) > 0 for all Borel set
BCY—{f.), ... ,yﬁ:*},and such that
/¢(x,y)dﬁ(y) —/ S, Hdp() < -1, (42)
Y X
then

\V(DQSIPy.) — V(DCQP),
. 1
<l [ [ ronant o+ 58 [ [ rendaame
XJX X JX
- / g(MAv(y)|. (43)
Y
Proof. It is obvious that v + §v € MT(X), uX + 8 € M(X), and
f ¢ (s, y)dv* (y) + 8dv(y) — / f(t, $)dp* (1) + 8dT(r) — h(s)
Y X
— / b5, AV () — / £t $)dpE (1) — his)
Y X

+ 6 (/ @ (s, y)dv(y) +/ [, s)dﬁ(t)) <85+ (—68) =0 (from (42)).
Y X

Thus V%", u**) + 8(¥, ) is feasible for DCQP.
From (21), we know that

\V(DQSIPr.) = V(DCQOP)|

<=5 [ [ ronant wan o+ [ gma o)
XJX Y
1 , .
+3 / / Fs, (X + ST ($)d (¥ + 570)(¢)
X JX
— /Y g(dW* + 87)(y)]
. 1
—5| / / £ (s, 0t ()T + 58 / / (s, DATE(s)dTE(0)
XJX XJX

- / gV (y)|. m
Y

Finally, we want to prove that the approximate solution (u**, V") converges to the
optimal solution of CQP as § — 0. We use §; instead of & in Algorithm 2 for
the stopping criterion. In this case, we assume that the Algorithm 2 terminates in
finitely many iterations, say k" iterations, with an optimal solution (@, %) in the
program (D QSI Pr,,).
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THEOREM 3.6. If §; decreasesto 0 asi — oo, ﬁ"i*(X) + 75 (Y) < M, and

f (s, t) satisfies condition C then
V(DQSIPTk[_*) — V(DCQP) as i — oco.
Proof. It is obvious that
V(DQSIPy.) > V(DQSIPr) > - > V(DCQP).
Then
lim V(DQSIPy,) =a > V(DCQP).
Since

¢Ek;7k;(s)<§,» fori=1,2,..., foreachs e X,

—_ . * k* *
where §; — 0 asi — oo, and there exists a subsequence (ﬁk’f , v i) of (mhi

weak* convergent to (1, v*), we have
¢ 0(s) <0, foreachs e X.

From (2), we know that (u«*, v*) is feasible for (DC Q P). Therefore
V(DCQP) > /Xfxf(s, Ddp* (s)du*(t) + fyg(y)dv*(y).
From the assumption and (44), it follows that
rILTO V(DQSIPr,) =a = /X /X s, dp” (s)dp™ (1)
+/Yg(y)dv*(y) > V(DCQP).
Thus

//f(s, t)du*(S)dM*(t)Jr/g(y)V*(y) =a=V(DCQP).
X JX Y
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